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ABSTRACT

In this study, the barotropic stability of vortex Rossby waves (VRWs) in 2D inviscid tropical cyclone
(TC)-like vortices is explored in the context of rotational dynamics on an f -plane. Two necessary instable
conditions are discovered: (a) there must be at least one zero point of basic vorticity gradient in the radial
scope; and (b) the relative propagation velocity of perturbations must be negative to the basic vorticity
gradient, which reflects the restriction relationship of instable energy. The maximum growth rate of instable
waves depends on the peak radial gradient of the mean vorticity and the tangential wavenumber (WN). The
vortex-semicircle theorem is also derived to provide bounds on the growth rates and phase speeds of VRWs.

The typical basic states and different WN perturbations in a tropical cyclone (TC) are obtained from
a high resolution simulation. It is shown that the first necessary condition for vortex barotropic instability
can be easily met at the radius of maximum vorticity (RMV). The wave energy tends to decay (grow) inside
(outside) the RMV due mainly to the negative (positive) sign of the radial gradient of the mean absolute
vorticity. This finding appears to help explain the developemnt of strong vortices in the eyewall of TCs.
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1. Introduction

Recent advances in radar meteorology and rapid
growth in computer power have generated many obser-
vational and modeling studies showing different meso-
and small-scale structures in the inner-core regions of
tropical cyclones (TCs), such as small-scale vortices,
spiral rainbands and the polygonal eyewall. These
asymmetrical features, evolving over a timescale rang-
ing from a few minutes to hours, may lead to rapid
changes in TC intensity and path. Therefore, under-
standing the generation and propagation of the asym-
metric features could reveal their roles in the struc-
tural and intensity changes of TCs and improve our
knowledge of TC dynamics.

A TC can be viewed as a highly symmetrical vor-
tex with deep moist convective motion so that a 2D
axi-symmetrical model (e.g. Eliassen, 1952; Emanuel,
1995) in a radial height plane can represent approxi-

mately its evolving circulation. So many earlier stud-
ies have attributed the development of spiral rainbands
to the outward propagation of internal inertial gravity
waves (IGWs) (e.g. Tepper, 1958; Willoughby, 1978a,
b; Xu, 1982). However, internal IGWs often prop-
agate at speeds that are much faster than those of
spiral rainbands, based on radar observations. Thus,
research interests have shifted, since the 1990s, to
the vortex Rossby wave (VRW) theory of MacDon-
ald (1968), who suggested that spiral rainbands were
“Rossby-like” waves possessing a counter-gradient mo-
mentum flux.

By invoking an analogy between radial gradients
of the basic state absolute vorticity in TCs and merid-
ional gradients of the planetary vorticity in large-scale
weather systems, Montgmery and Kallenbach (1997)
advanced the VRW theory by obtaining the following
local dispersion relation of radially and azimuthally
propagating VRWs at a certain radius r0 from the non-
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divergent barotropic vorticity equation:

ωR = nΩ0 +
ndη̄0/dr

r0(l2 + n2/r20)
,

where Ω0 and dη̄0/dr are the mean angular velocity
and mean radial absolute vorticity gradient at r = r0,
respectively; and l and n are the radial and azimuthal
WNs. Because its phase velocity is close to that of
spiral rainbands, the VRW theory has been widely
used to explain the structural changes and evolution of
the eyewall and spiral raindbands in TCs (e.g. Mont-
gomery and Franklin, 1998; Montgomery and Franklin,
1998; Schecter and Montgomery, 2007).

Because the basic state of a TC can be viewed
as a symmetric vortex system with a “slow mani-
fold” feature of balanced flows, the VRW theory, in
which divergence is assumed much weaker than rota-
tion, has been used to describe the perturbation fea-
ture of low WN waves on the basic vortex and, and
it could to some extent explain the structural changes
of the asymmetric eyewall and spiral rainbands. Rea-
sor et al. (2000) examined the low WN asymmetric
structure and evolution of Hurricane Olivia’s (1994)
inner core through airborne dual Doppler radar with
a 30-min time resolution for 3.5 hours, during which
period the hurricane experienced a weakening. The
authors found that the vorticity bands in the TC were
characterized by VRWs and might contribute to the
observed rainbands with a similar radial wavelength.
Recent simulation research has also demonstrated the
existence of VRWs in the core region of TC like vor-
tices (Wang, 2002a, b).

The growth of disturbances associated with
barotropic and baroclinic instability of the symmet-
rical hurricane vortex has for some time been argued
as a cause of such phenomena as polygonal eyewalls,
mesocyclone formation, and possibly even supercells
in and near hurricane eyewalls (Schubert et al., 1999).
Working in the context of plasma physics, Smith and
Rosenbluth (1990) discovered an exact closed-form so-
lution, in terms of quadratures, describing the evolu-
tion of linearized azimuthal WN-1 disturbances on in-
viscid 2D vortices. Rezink and Dewar (1994) showed
there can be no exponentially unstable modes in a 2D
inviscid vortex for WN-1 with linear theory, whereas
Smith and Rosenbluth (1990) demonstrated that the
long-term asymptotic behavior of their exact solution
could exhibit linear growth in wave energy, The nec-
essary and sufficient requirement for growth in this
solution is the existence of at least one local maxi-
mum in the angular velocity of the basic state swirling
flow, other than at the circulation center. An associ-
ated asymptotic result for zero total circulation vor-
tices in unbounded domains was found by Llewellyn

Smith (1995). Based on the work of Smith and Rosen-
bluth (1990), Nolan and Montgomery (2000) studied
the dynamics of this algebraic instability in the near-
core area of hurricanes.

The next section shows how the necessary con-
ditions for barotropic instability in a hurricane-like
vortex are deduced. The semi-circle theorem pro-
viding bounds on the growth rates and wave phase
speeds will also be presented. Section 3 provides diag-
noses of barotropic instability of VRWs using a high-
resolution cloud-resolution simulation of Hurricane
Andrew (1992). The upper bound of the barotropic
growth rate of VRWs and the optimum WN for the
most unstable waves will be discussed, too. A sum-
mary and concluding remarks are given in the final
section.

2. Barotropic instability of vortex Rossby
waves

To discuss the instability feature of VRWs on 2D
inviscid vortices at the approximation of the f -plane,
we start from the linear barotropic vorticity equation,
as follows (Montgmery and Kallenbach, 1997):(

∂

∂t
+
V

r

∂

∂λ

)
ζ̃ + ũ

dη̄

dr
= 0 , (1)

where ũ and ṽ are radial and tangential wind pertur-
bation, respectively; V (r) is the mean tangential wind;
η̄ = f + 2Ω + rdΩ/dr is the mean absolute vorticity;
dη̄/dr is the radial gradient of the mean absolute vor-
ticity, which is analogous to the β-effect in the classic
Rossby wave theory; and ζ̃ = ∂rṽ/r∂r − ∂ũ/r∂λ de-
notes perturbation vorticity. Assuming that the hor-
izontal perturbation divergence is much smaller than
perturbation vorticity in the barotropic vorticity equa-
tion, the perturbation streamfunction, ψ̃, can be intro-
duced as:

ũ = − ∂ψ̃

r∂λ
, ṽ =

∂ψ̃

∂r
. (2)

On the basis of Montgomery and Kallenbach’s
(1997) wave analyzing method, the time change of the
wave is considered to be neglectable. Then, by tak-
ing account of the particularity of perturbation at the
TC eye and boundary radius, we can assume that the
spatial and temporal dependence of ψ̃ may be sepa-
rated by specifying solutions in the form of azimuthally
propagating waves:

ψ̃(r, λ, t) = ψ(r) exp[i(kλ− ωt)] , (3)

where ψ(r) is the wave amplitude of perturbation
streamfunction, k is the tangential WN, and ω is the
local wave frequency at r = r0. Because the radial
length scale of the waves is much smaller than the
characteristic radius of a TC vortex, some basic state
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variables may be assumed to be slowly varying and ex-
panded in series (Montgmery and Kallenbach, 1997).
That is, ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

V = V 0 + V
′
0Δr + · · ·

dη̄

dr
= η̄′0 + η̄′′0Δr + · · ·

1
r

=
1
R

(
1 − Δr

R
+ · · ·

) , (4)

where Δr = r − r0. The superscript of′ (′′) denotes
the first-(second-) order derivative; and R is the value
of r0. By substituting Eqs. (2) and (4) into Eq. (1),
and neglecting high-order small variables and intro-
ducing that ω = kc/R, we obtain the following lin-
earized barotropic vorticity equation for perturbation
streamfunction:

(
V 0 − c

)( 1
R
ψ′ + ψ′′ − k2

R2
ψ

)
− η̄′0ψ = 0 , (5)

where c is the propagation velocity of waves.

2.1 Necessary conditions for vortex barotro-
pic instability

According to the classical theory and method of
barotropic instability, we discuss the first barotropic
instability requirement in advance. Substituting the
expression of wave velocity and amplitude into Eq. (5)
(defined as c = cr + ici, ψ = ψr + iψi), the real and
imaginary parts of the equations can be obtained:

ψ′′
r +

1
r
ψ′

r −
k2

r2
ψr − (V 0 − cr)η̄′0(

V 0 − cr
)2

+ c2i

ψr +

ciη̄
′
0(

V 0 − cr
)2

+ ω2
i

ψi = 0 , (6)

ψ′′
i +

1
r
ψ′

i −
k2

r2
ψi − (V 0 − cr)η̄′0(

V 0 − cr
)2

+ c2i

ψi −

ciη̄
′
0(

V 0 − cr
)2

+ ω2
i

ψr = 0 . (7)

where the subscript of r(i) denotes the real (imagi-
nary) part of variables.

By taking ψiEq. (6)−ψrEq. (7), the above real
and imaginary parts of the barotropic equations can
be joined as:

(Rψiψ
′
r −Rψrψ

′
i)

′ = − Rciη̄
′
0(

V 0 − cr
)2

+ c2i

(ψ2
i + ψ2

r) .

(8)
The associated boundary conditions are:

∂ψ′

∂λ

∣∣∣∣
R=0

= 0 ,
∂ψ′

∂λ

∣∣∣∣
R=Rb

= 0 , (9)

in which Rb is the radius at the outermost bound-
ary. Furthermore, with the restriction of barotropic
boundary conditions and the support of Rolle’s Theo-
rem, there must exist at least one point defined as Rk,
which satisfies:

− ciη̄
′
0(

V 0 − cr
)2

+ c2i

(ψ2
i + ψ2

r )|R=Rk
= 0 . (10)

As the definition of instability requires that the
imaginary part of wave velocity and streamfunction
cannot be zero, that is ci �= 0, ψi �= 0, from the previ-
ous formula there must be:

η̄′0
∣∣
R=Rk

= 0 , (11)

which is the first necessary requirement of mesoscale
barotropic instability for vortex Rossby waves. Simi-
lar to the classic barotropic instability theorem (Kuo
and Zhu, 1981) for Rossby waves, the necessary re-
quirement to make the vortex Rossby wave instable is
that, within the boundary of the TC, there must exist
at least one point at which the radial gradient of basic
absolute vorticity is zero. This requirement provides
the necessary conditions for background fields of the
TC.

It is important to note that Eq. (11) only pro-
vides a necessary condition for barotropic instability
of VRWs, whether or not they amplify would depend
on their perturbation kinetic energy. To see this, inte-
grating the sum of ψrEq. (6)�ψiEq. (7) from R =0
to R = Rb, and substituting the boundary conditions
lead to the integral equation of perturbation kinetic
energy:∫ Rb

0

REpdR = −
∫ Rb

0

R(V 0 − cr)η̄′0(
V 0 − cr

)2
+ c2i

(
ψ2

r + ψ2
i

)
dR ,

(12)
where

Ep =
1
2
(u′2 + v′2) = |ψ′|2 +

k2

R2
|ψ|2 ,

denotes the total perturbation kinetic energy. Because
the perturbation kinetic energy must be expected to
increase with time for unstable VRWs, i.e. Ep > 0, it
is evident from Eq. (12) that we must have:(

V 0 − cr
)
η̄′0 < 0 . (13)

Since the VRWs discussed herein propagate az-
imuthally with respect to the mean tangential flows,
we may denote V 0 − cr as the relative propagation ve-
locity with respect to the mean rotational flows. Then,
Eq. (13) implies that if the wave energy grows with
time, the relative propagation velocity and the radial
gradients of the basic-state absolute vorticity must be
negatively correlated; this represents the second nec-
essary condition for vortex-barotropic instability.
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2.2 The maximum growth rate and vortex
semicircle theorem

After obtaining the two necessary conditions for
barotropical instability, the growth rate of VRWs can
be estimated from the real part of solutions. Specif-
ically, given the boundary conditions Eq. (9), ψ(R)
can be expanded with a finite Fourier sine series like:

ψ(R) =
∞∑

n=1

an sin
nπR

Rb
, (14)

where an(n�1, 2, 3, . . . ) are real coefficients. Sub-
stituting this Fourier progression into Eq. (12), and
taking the upper bound of instability growth rate as
the maximum possible growth rate (MPGR), denoted
as ωi max, the growth rate of barotropic VRWs can be
estimated as (Appendix A):

k |ci|
R

� ωi max =
k

2R (π2 + k2)
max
(0,Rb)

(|η̄′0|) . (15)

It is obvious from Eq. (15) that vortex barotropic
instability will not occur at all WNs, but it is more
scale-selective, which is similar to that for the classic
barotropic instability. In particular, the growth rate
has an upper bound that depends on the maximal ra-
dial gradient of basic-state vorticity. The distribution
of the MPGR as a function of azimuthal WN is given
in Fig. 1, which shows that when k → 0 or k → ∞,
ωi max → 0. But the growth rate reaches the MPGR at
k =3, indicating that the most unstable VRW occurs
near WN-3.

As mentioned before, the phase velocity of VRWs
has important influences on barotropic wave stabil-
ity. This can be more clearly seen from the vortex-
semicircle theorem. Let us start from a transformation
on an f -plane by letting

F =
ψ

V − c
. (16)

Fig. 1. Maximum possible growth rate of instable waves.

Taking the above expression and adopting the f -
plane approximation, and multiplying the above equa-
tion by F ∗, the complex conjugate of F , Eq. (7) can
be changed into:

[
R(V 0 − c)2F ∗F ′]′ +

V
2

0

R
(V 0 − c) |F |2 −

R(V 0 − c)2
[
k2

R2
|F |2 + |F ′|2

]
= 0 . (17)

Suppose that V min and V max are the minimum and
maximum of basic tangential wind speed at (0, Rb),
and Ωmax is the corresponding maximum basic angu-
lar velocity, we may estimate cr as:

V min − R2
bΩ

2

max

2 (π2 + k2)
� cr � V max ; (18)

which gives the bounds for the phase velocity of am-
plifying VRWs. Clearly, unstable waves cannot propa-
gate at or larger than the maximum speed of the mean
flow. The corresponding relationship in complex plane
can be written as

(cr − U)2 + c2i � c2R , (19)

where

U = (V max + V min)/2 ,

c2R = U2 + uΩ
2

maxR
2
b/
(
π2 + k2

)
,

and

u = (V max − V min)/2

(see Appendix B for more detailed derivations). Equa-
tion (19) indicates that the complex eigenvalue, c =
cr + ici, must lie within the circle centered at [U , 0] in
the complex plane with a radius of ct. Longer VRWs
tend to have larger ranges for dynamical instability.
Because we are interested in unstable modes, i.e., ci is
positive, only the upper half of the circle is relevant,
as given in Fig. 2. From the analysis of the figures,
we know that: (1) when cr = U ± cR (cR > 0), then
ci�0, which means in the range of the semicircle the
waves which propagate fastest or slowest are stable;
(2) when cr = U , the instable growth rate reaches its
extreme, and the value is ci�cR. That is the vortex
semicircular theorem of barotropic vortex Rossby wave
instability.
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Fig. 2. Sketch map of vortex semicircular theorem for
barotropic instability. ct denotes the phase speed at max-
imum radius in complex plane of wave volocity.

3. Mesoscale barotropic instability in a simu-
lated TC

In this section, we apply the vortex-barotropic in-
stability theory discussed in the preceding section to a
successful cloud-resolving simulation of Hurricane An-
drew (1997) (Liu et al., 1997, 1999). Ideally speak-
ing, in the study of any dynamical instability, espe-
cially with linear equations, the basic state must sat-
isfy exactly the equations system used to derive the
associated stability criterion. There are two basic re-
quirements for the application of the instability theory:
barotropic flows and dynamical consistency among dy-
namical variables. Although there are strong inflows
and outflows at the low and high levels, respectively,
Anthes (1982) divided a TC vortex into four dynamic
areas, and pointed out that the midlevel flows can be
regarded approximately as barotropic. In the present
case, the barotropic conditions can be obtained by con-
sidering the azimuthally-averaged midlevel flows of the
simulated Andrew at a timescale that is much longer
than that of the wave instability (Liu et al., 1997,
1999). As for the second requirement, the simulation
data, exhibiting many typical structures of TCs, has
been shown to be dynamically consistent among differ-
ent flow fields (Zhang et al., 2000, 2001, 2002). There-
fore, the model-simulated variables are azimuthally
and vertically averaged in the 900–800 hPa layer, fol-
lowed by 3-hour temporal averages during the mature
stage of Andrew in order to obtain more representative
basic-state quantities of the storm for the application
of vortex-barotropic instability theory.

3.1 Diagnosis of the necessary conditions

The radial distribution of basic tangential wind, V ,
in Fig. 3a, shows that the maximum tangential wind of
TC Andrew (1992) exceeded 70 m s−1, with an RMW
of 40 km. It is shown that the simulated basic angular
velocity and vertical absolute vorticity are in marked
contrast to a hypothetical near-Gaussian swirl profile

with the maximum rotation at the TC center (Mont-
gmery and Kallenbach, 1997) (Figs. 3b and c). The
basic angular velocity is very small in the hurricane eye
and quickly increscent with the basic tangential wind
when approaching the RMW. After reaching its maxi-
mum at the RMW (marked by Rw in Fig. 3), the basic
angular velocity becomes attenuating in the outer area
(Fig. 3b). The radial distribution of basic absolute
vorticity, η̄, is the same with basic angular velocity,
which reaches its maximum at the RMV (Rk), inside
of the RMW, and is damped to the two poles of the
eye and the outer region of the TC. This distribution
is in accordance with three basic states from a vortex
modeled after an intense (category three) hurricane, a
moderate (category one) hurricane, and a weak tropi-
cal storm (Nolan and Montgomery, 2002). Meanwhile,
as the decisive factor in the formation and propagation
of vortex Rossby waves, the structure of the radial gra-
dient of basic absolute vorticity, η̄′, is also crucial to
the instability of waves. It is evident from Fig. 3d that
the radial gradient of the basic state absolute vorticity
is zero at the RMV, at which point the first necessary
condition for barotropic instability is met.

Since η̄′0>0 (η̄′0 < 0) inside (outside) the RMV
within (Rk, Rb), the second necessary condition re-
quires that if unstable waves can intensify inside the
RMV, there must have V 0 − cr < 0. In other words,
when the phase speed of VRWs exceeds the basic flows,
it may cause the instable development of perturbation.
The theoretical velocity of vortex Rossby waves esti-
mated by Montgmery and Kallenbach (1997) is on the
order of magnitude of 10−1–100 m s−1, which is far
slower than the simulated tangential wind. This in-
dicates that propagating VRWs may not be able to
amplify inside the RMV or the calm eye. On the
other hand, in the outer region, η̄′ < 0, the second
necessary condition requires V 0 − cr > 0. Since the
phase velocity of VRWs is much slower than the mean
tangential flows, the second necessary condition can
be easily met. This suggests that the outer region is
more favorable than the inner region for the amplifica-
tion of propagating VRWs. Based on the above anal-
ysis, we may state that the existence of the RMW and
RMV provides the first necessary condition for vor-
tex barotropic instability, while the sign of the radial
gradient in the absolute vorticity indicates propagat-
ing VRWs may (may not) amplify outside (inside) the
RMV.

3.2 The perturbation structure of different
WNs

In this section, the method of asymmetric Fourier
wave decomposition is performed to further under-
stand the distribution of asymmetries in the inner core
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Fig. 3. Basic state radial profiles of Hurricane Andrew (1992) with the finest grid size of 2 km:
(a) tangential wind (V , m s−1); (b) angular velocity (Ω, s−1); (c) vertical absolute vorticity (η̄,
s−1), and (d) its radial gradient (dη̄/dr, m−1 s−1). Dashed lines in (b) and (c) show the swirl pro-
file of basic angular velocity and vertical absolute vorticity (Montgomery and Kallenbach, 1997).
Dot-dashed lines in (b) and (c) denote the RMW (Rw) and RMV (Rk), respectively.
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Fig. 4. Radial distribution of WN-0 (solid line), WN-1
(dashed line), WN-2 (dot-dashed line), and WN-3 (dot-
ted line) components of wind velocity (m s−1) at 850 hPa,
obtained by averaging three model outputs at 20-min in-
tervals during a 1-hour period at 0000 UTC 24 August
1992.

of the TC, especially the mesoscale deep moist convec-
tions in the eyewall. It is given that all the variables
can be divided as:

P = P0 +
∑

k

Pk,

where P0 is the symmetric component and Pk is the
asymmetric component with WN k. The radial dis-
tribution of WN-0, WN-1, WN-2, and WN-3 compo-
nents of wind velocity at 850 hPa are shown in Fig.
4. Obviously, the perturbation wind components are
about one order of magnitude smaller than the az-
imuthal mean in the inner core region. Moreover, the
higher the WN, the smaller the magnitude of pertur-
bation winds. These results are similar to those of

Wang and Zhang (2003), and conform to the obser-
vational findings of Reasor et al. (2000). Anatomiz-
ing their features in the inner core region, we find
that the WN-1 component of perturbation wind is the
main component of asymmetric wind amplitude and
its peak locates between the RMV and RMW. After
mild attenuation with the radius, it remains at a mag-
nitude of about 101. Both the WN-2 and WN-3 com-
ponents have two peaks respectively around the RMV
and RMW, and their amplitude sharply decreases in
the outer region. According to the above analysis of
barotropic instability, it is shown that the zero point
of the radial gradient of absolute vorticity at the RMV
and the strong tangential wind at the RMW provides
advantageous dynamic conditions to excite and main-
tain the development of perturbation.

The horizontal structures of perturbation height
and flow vectors, which are obtained by averaging
three model outputs at 20-min intervals during a 1-
hour period at 0000 UTC 24 August 1992, are given
in Fig. 5. It is shown that the WN-1 perturbation
height is symmetrical to the TC eye, and the positive
and negative extreme centers extend from the RMV to
the outside of the RMW, which superposes the area of
mesoscale barotropic instability with a large instabil-
ity growth rate. We can include the fact that the in-
tense development of severe storms in the eyewall has
a close relationship with mesoscale barotropic insta-
bility. The configuration of perturbation height and
wind basically satisfies a balanced relationship, which
means the low (high) perturbation height center cor-
responds to the cyclonic (anti-cyclonic) flow, denoting
the feature of vortex Rossby waves. However, there
exist distinct unbalanced perturbation winds travers-
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Fig. 5. Horizontal structures of perturbation height (solid
lines with shading, m) and flow vectors (m s−1), associ-
ated with (a) WN-1, (b) WN-2, and (c) WN-3 compo-
nents. (Simulation data used here was the same as used
for Fig. 4).

ing the isohypses around the RMV, as well as be-
tween the high and low perturbation height center.
Furthermore, when approaching the outer region of
the TC, unlike the theoretical wave structure of pure
VRWs (Montgmery and Kallenbach, 1997), there are
also strong perturbation heights and unbalanced radial
wind, denoting the feature of gravity waves. So, recent
research has shown that with the coexistence of rota-

tion and divergence in the TC, the tangential propaga-
tion waves will show the mixed feature of VRWs and
gravity waves.

The perturbation height centers of WN-2 mainly
locate around the RMW. According to the estimate
of MPGR, the radial perturbation wind and perturba-
tion height associated with the unbalanced radial wind
is obviously larger than that of WN-1. Mostly, WN-3
perturbation wind is radial wind and its perturbation
height centers appear in the outer region of the RMW
with a distinct radial distribution.

4. Summary and concluding remarks

It is known that the structure and propagation of
waves determine the evolution of perturbation on ba-
sic flows and that the instability state of waves exert
an essential influence on the configuration and inten-
sity changes of the atmospheric system through the
growing (or attenuation) of perturbation and its reci-
procity with basic flows. Based on the dynamic frame-
work of a 2D non-divergent inviscid vortex system on
an f -plane, the barotropic instability of vortex Rossby
waves has been discussed. Two necessary instable con-
ditions were discovered: first, that there must be at
least one zero point of basic vorticity gradient in the
radial scope; and second, that relative propagation ve-
locity of perturbations must be negative to the basic
vorticity gradient, which ensures the growth of insta-
ble energy.

Furthermore, the instable waves cannot be in-
finitely increasing. The maximum possibility upper
bound of growth rate is deduced to be

k

2R (π2 + k2)
max
(0,Rb)

(|η̄′0|) ,

whose maximum value is at WN-3. According to
the vortex semicircular theorem of barotropic vortex
Rossby wave instability, the local instable waves have
selectivity to their own phase velocity in the complex
plane. The possible value range radius of complex
phase speeds of instability is related to the basic state
as well as WN. In the range of the semicircle, the
waves which propagate fastest or slowest are stable,
and when cr = (V max + V min)/2, the instable growth
rate reaches its extreme.

In order to manifest the existence of barotropic in-
stability of tangential vortex Rossby waves in the TC,
a high resolution simulated case was used to obtain
the typical basic states of the TC. It is shown that the
local maximum of basic vertical absolute vorticity at
the RMV provides the basic configuration to vortex
barotropic instability and satisfies the first necessary
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condition. As the theoretical wave velocity is much
slower than the tangential basic velocity in the inner
core area of the TC, the positive basic radial gradient
of absolute vorticity inside the RMV causes the at-
tenuation of perturbation energy in the TC eye, while
the negative basic radial gradient of absolute vortic-
ity outside the RMV is propitious to the development
of perturbation instability. Furthermore, according to
the perturbation structure analysis at different WNs,
it is shown that the perturbation fields at low WNs
reveal the feature of VRWs, and their peaks of pertur-
bation wind and height focus on the band area from
the RMV to the outside of the RMW. This means that
mesoscale barotropic instability is the main dynamic
reason for the formation and development of severe
storms in the eyewall.

APPENDIX A:

Estimation of Mesoscale Barotropic Instability
Growth Rate

According to the nature of complex numbers, the
integration equation of perturbation energy, Eq. (12),
can be changed into:

−
∫ Rb

0

R(V 0 − cr)η̄′0
(V 0 − cr)2 + c2i

|ψ|2dR =

∫ Rb

0

R|ψ′|2dr +
∫ Rb

0

R

(
k2

R2
|ψ|2

)
dR . (A1)

Considering the boundary condition, ψ (R), can be
changed to the following Fourier progression as Eq.
(14), thus the first order reciprocal of stream function
is:

ψ′ =
∞∑

n=1

nπ

Rb
an cos

nπR

Rb
. (A2)

Using Eq. (A2) and Eq. (A3) and defining x =
nπr/Rb, we can have:

∫ Rb

0

R cos2
nπR

Rb
dR =

R2
b

n2π2

∫ nπ

0

x cos2 xdx

=
R2

b

2n2π2

∫ nπ

0

x(1 + cos 2x)dx

=
R2

b

4
+

R2
b

8n2π2
×

(2x sin 2x+ cos 2x)
∣∣nπ

0

=
R2

b

4∫ Rb

0

R sin2 nπR

Rb
dR =

∫ Rb

0

R

(
1 − cos2

nπR

Rb

)
dr

=
R2

b

2
− R2

b

4

=
R2

b

4

Then, the right-hand items can be respectively es-
timated as:

∫ Rb

0

R|ψ|2dr =
∞∑

n=1

a2
n

∫ Rb

0

sin2 nπR

Rb
dR

=
R2

b

4

∞∑
n=1

a2
n

∫ Rb

0

R

(
k2

R2
|ψ|2

)
dR � k2

R2
b

∫ Rb

0

R|ψ|2dR

=
n2

R2
b

Rb

2

∫ Rb

0

R|ψ|2dR
∫ Rb

0

R|ψ′|2dR =
R2

b

4

∞∑
n=1

(
nπ

Rb

)2

a2
n �

(
π

Rb

)2

×

R2
b

4

∞∑
n=1

a2
n =

(
π

Rb

)2 ∫ Rb

0

R|ψ|2dr

So the right-hand items can be written as:
∫ Rb

0

R

(
|ψ′|2 +

n2

R2
|ψ|2

)
dR

� (π2 + k2)
R2

b

∫ Rb

0

R|ψ|2dR . (A3)

As
(V 0 − cr)2 + c2i � 2

∣∣(V 0 − cr)ci
∣∣ ,

the left-hand item of Eq. (A1) can be estimated as:

−
∫ Rb

0

(V 0 − cr)η̄′0
(V 0 − cr)2 + c2i

R|ψ|2dR

�
∫ Rb

0

∣∣∣∣ (V 0 − cr)η̄′0
(V 0 − cr)2 + c2i

∣∣∣∣×

R|ψ|2dR �
∫ Rb

0

1
2|ci| |η̄

′
0|R|ψ|2dR . (A4)

Taking Eq. (A3) and Eq. (A4) into Eq. (A1), we find:

(π2 + k2)
R2

b

∫ Rb

0

R|ψ|2dR �
∫ Rb

0

1
2|ci| |η̄

′
0|R|ψ|2dR

� 1
2|ci| max

(0,Rb)
(|η̄′0|)

∫ Rb

0

R|ψ|2dR . (A5)

Let us state that ωimax is the maximum possible
instability growth rate of barotropic instable waves;
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thus, the instable growth rate of a barotropic vortex
Rossby wave is:

k|ci|
R

� ωi max =
k

2R(π2 + k2)
max
(0,Rb)

(|η̄′0|) , (A6)

which is shown in the text as Eq. (15).

APPENDIX B:

The Vortex Semicircular Theorem of
Mesoscale Barotropic Instability

Taking the above expression F = ψ/V − c into Eq.
(5) and adopting the f -plane approximation, we can
obtain:

1
R

[
R(V 0 − c)2F ′]′ −

[
k2

R2
(V 0 − c)2 − V 0

R2
(V 0 − c)

]
F = 0 . (B1)

Then Eq. (17) can be obtained by multiplying the
above equation by F ∗, the complex conjugate of F .
After integrating Eq. (B2) within the boundary, the
real and imaginary parts of the equation are:
∫ Rb

0

R
[
(V 0 − cr)2 − c2i

]( k2

R2
|F |2 + |F ′|2

)
dR−

∫ Rb

0

V
2

0

R2
(V 0 − cr)R |F |2 dR = 0 (B2)

ci

[∫ Rb

0

R(V 0 − cr)
(
k2

R2
|F |2 + |F ′|2

)
dR−

1
2

∫ Rb

0

V
2

0

R2
R |F |2 dR

]
= 0 (B3)

Considering that instability perturbation satisfies
ci �= 0, from the imaginary part of Eq. (B3) we get:

cr =

(∫ Rb

0

RV 0QdR

/∫ Rb

0

RQdR

)
−

(
1
2

∫ Rb

0

V
2

0

R2
R|F |2dR

/∫ Rb

0

RQdR

)
, (B4)

where
Q = k2 |F |2 /R2 + |F ′|2 � 0 .

With the result from Eq. (A3), we can have:

∫ Rb

0

RQdR =
∫ Rb

0

R

(
|F ′|2 +

k2

R2
|F |2

)
dR

� (π2 + k2)
R2

b

∫ Rb

0

R|F |2dR . (B5)

Therefore, after considering

∫ Rb

0

(V
2

0|F |2/R)dR � 0

and substituting Eq. (B5) into Eq. (B4), we intro-
duce V min, V max as the minimum and maximum of
basic tangential wind speed within (0�Rb), and Ωmax

as the corresponding maximum basic angular veloc-
ity. Then, the wave velocity of instable waves can be
estimated as Eq. (18).

Moreover, by substituting Eq. (B4) into the real
part Eq. (B2), then:

∫ Rb

0

V
2

0RQdR =
∫ Rb

0

R(c2r + c2i )QdR+

∫ Rb

0

V
2

0

R2
V 0R|F |2dR . (B6)

Considering

(
V 0 − V min

) (
V 0 − V max

)
� 0 ,

the above equation can be written as:

∫ Rb

0

[
V

2

0 −
(
V max + V min

)
V 0 + V maxV min

]
×

RQdR � 0 . (B7)

With the expression of V 0 � V min, by taking Eq. (B4)
and Eq. (B6) into Eq. (B7), then:

∫ Rb

0

[(
cr − V max + V min

2

)2

+c2i−
(
V max + V min

)2
4

−

(
V max + V min

2

)
Ω

2

maxR
2
b

(π2 + k2)

]
RQdR � 0 . (B8)

Hence, Eq. (19) can be obtained to show vortex
semicircular theorem.
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